In 1994, Matsuda and Okabe introduced the notion of semistar operation, extending the "classical" concept of star operation. In this paper, we introduce and study the notions of semistar linkedness and semistar flatness which are natural generalizations, to the semistar setting, of their corresponding "classical" concepts. As an application, among other results, we obtain a semistar version of Davis' and Richman's overring-theoretical theorems of characterization of Prüfer domains for Prüfer semistar multiplication domains.
Introduction
Star operations have a central place in multiplicative ideal theory, this concept arises from the classical theory of ideal systems, based on the work by W. Krull, E. Noether, H. Prüfer, and P. Lorenzen (cf. [15] , [22] , [19] ). Recently, new interest on these theories has been originated by the work by R. Matsuda and A. Okabe [30] , where the notion of semistar operation was introduced, as a generalization of the notion of star operation. This concept has been proven, regarding its flexibility, extremely useful in studying the structure of different classes of integral domains (cf. for instance [28] , [8] , [10] , [11] , [12] , and [20] ).
Recall that a domain D, on which a semistar operation ⋆ is defined, is called a Prüfer semistar multiplication domain (or P⋆MD), if each nonzero finitely generated
The purpose of the present work is to deepen the study of a general multiplicative theory for the semistar context, with special emphasis to the linkedness and the flatness, and to pursue the study of Prüfer semistar multiplication domains (cf. [21] , [9] ). In Section 2 we recall the main definitions and we collect some background results on semistar operations. In Section 3, we define and study the notion of semistar linked overring, which generalizes the notion of t-linked overring defined in [6] . Several characterizations of this concept have been obtained. Section 4 is devoted to semistar flat overrings, a concept which extends the classical notion of flat overring and gives a very "flexible" general tool, preserving for the "semistar prime ideals" involved, a similar behaviour as in the classical context. As an application, in Section 5, we achieve the proofs for analogues of Davis' and Richman's theorems in the general case of Prüfer semistar multiplication domains.
Background and preliminary results on semistar operations
Example 2.1 (1) The constant map E → E e := K, E ∈ F (D), defines a trivial semistar operation e (or, eD) on D, called the e-operation.
(2) The map E → E d := E, E ∈ F (D), defines a (semi)star operation d (or, dD) on D, called the d-operation or the identity semistar operation.
(4) Let {T λ | λ ∈ Λ} be a family of overrings of D, and let * λ be a semistar operation on
We denote by M(⋆ f ) the set of all the quasi-⋆ f -maximals of D, which is nonempty if and only if ⋆ f = e, and we associate to the semistar operation ⋆ on D a new semistar operation⋆ on D, which is of finite type and spectral, defined as follows⋆ :
We conclude this section by recalling the definition and the main properties of the semistar Nagata rings.
Let D be an integral domain with field of quotients K and ⋆ a semistar operation on D. Let X be an indeterminate over
is called the Nagata ring of D with respect to the semistar operation ⋆ (cf. [12] ). Obviously, Na(D, ⋆) = Na(D, ⋆ f ) and if ⋆ = d, where d is the identity (semi)star operation of D, then Na(D, d) coincides with the "classical" Nagata ring 
An easy consequence of the previous result (in particular, Lemma 2.4 (e)) is the following:
Corollary 2.5 Let D be an integral domain and let ⋆ be a semistar operation on D. 
For each prime ideal
P of D such that P ⋆ = D ⋆ , Na(D, ⋆) P Na(D,⋆) = DP (X).
Semistar linkedness
Let D be an integral domain and T be an overring of D. Let ⋆ (respectively, ⋆ ′ ) be a semistar operation on D (respectively, on T ). We say that T is (⋆, ⋆ ′ )-linked to D if: 
In particular, the classical notion " T is t-linked to D" [6] coincides with the notion " T is t-linked to (D, tD)" (i.e. T is (tD, tT )-linked to D).
In the following result we collect some of the basic properties of the semistar linkedness. 
be a semistar operation on D (respectively, two semistar operations on T ). Assume that
In particular, we deduce that:
and more generally,
(h) Let ⋆1 and ⋆2 be two semistar operations on D and let
. A related question to the previous one will be examined in Theorem 3.8.
Example 3.4 (1) Let D be an integral domain and T be an overring of D. Let ⋆ be a semistar operation on D and let P be a quasi-⋆ f -prime ideal of D. Then, T D\P is (⋆, * )-linked to D, for each semistar operation * on T D\P (equivalently, T D\P is (⋆, dT,P )-linked to D, where dT,P is the identity (semi)star operation on T D\P ). As a matter of fact, for each prime ideal N , in particular, for each quasi-
(2) Given a semistar operation ⋆ on an integral domain D, recall that on D we can introduce a new semistar operation of finite type, denoted by [⋆] , called the semistar integral closure of ⋆, by setting:
(and thus in general: Assume that T := ∪{T λ | λ ∈ Λ} is the direct union of a given direct family of overrings {T λ | λ ∈ Λ} of an integral domain D with field of quotients K (where Λ is a directly ordered set by setting λ
. Let * λ be a semistar operation defined on the overring T λ of D, for each λ ∈ Λ. We say that the family { * λ | λ ∈ Λ} is a direct family of semistar operations (or, simply, that
The following result generalizes [6, Proposition 2.2 (a)].
Lemma 3.5 Let ⋆ be a semistar operation on an integral domain D. Given a direct family {(T λ , * λ ) | λ ∈ Λ}, as above. For each E ∈ F (T ), set:
(1) * Λ is a semistar operation of finite type on T .
Proof.
(1) The properties (⋆1) and (⋆2) are straightforward. Before proving (⋆3), we show the following:
Given α ∈ Λ, we have E = ∪{E β Tα | β ∈ Λ} is a direct union of Tα-submodules. Since ( * α) f is of finite type and E ∈ F (Tα) (⊇ F (T )), then E ( * α) f = ∪{(E β Tα) ( * α) f | β ∈ Λ}. Let β ∈ Λ, then there exists γ ∈ Λ such that Tα ⊆ Tγ and T β ⊆ Tγ and, Eα ⊆ Eγ and E β ⊆ Eγ . Hence (E β Tα)
The other inclusion is trivial. Now we prove (⋆3). Clearly, for each E ∈ F (T ), E ⊆ E * Λ . On the other hand, we
Finally, the fact that * Λ is of finite type is an immediate consequence of the definition.
(2) Let I be a nonzero finitely generated ideal of D such that
Hence, again by the Claim, (IT ) *
(3) Let I be a nonzero finitely generated ideal of D such that
. . , xn)D and z ∈ (IT ) −1 . Then, for each i, zxi ∈ T λ i , for some λi ∈ Λ and so, for some λI ∈ Λ, zI ⊆ T λ I . Hence, z ∈ (IT λ I ) −1 = T λ I ⊆ T . Therefore, (IT ) −1 ⊆ T and so (IT )
The following corollary generalizes [6, Corollary 2.3]. We define the semistar operation ℓ⋆,T (or, simply, ℓ) on T , in the following way:
for each E ∈ F (T ).
Note that if T = D, then ℓ⋆,D =⋆ (Lemma 2.4 (b)
). Moreover, note that ℓ⋆,T is the semistar operation on T induced, in the sense described in Example 2.1 (4), by the family of overrings {T D\P | P is a quasi-⋆ f -prime ideal of D} of D (where T D\P is endowed with the identity dT,P (semi)star operation) .
The following proposition collects some interesting properties of the semistar operation ℓ⋆,T .
Proposition 3.12 Let D be an integral domain, ⋆ a semistar operation on D, T an overring of D and ⋆
′ a semistar operation on T .
(1) ℓ⋆,T is a stable semistar operation of T .
(4) ℓ⋆,T is a semistar operation of finite type on T and ℓ⋆,T = ℓ⋆,T . Proof.
(1) This is a straightforward consequence of the fact that T D\P is flat over T , for each prime ideal P of D.
(2) For each quasi-⋆ ′ f -prime ideal Q of T , there exists a quasi-⋆ f -prime ideal P of D, such that T D\P ⊆ TQ (Remark 3.3 (b)), and so also ET D\P ⊆ ETQ, for each E ∈ F (T ); from this we deduce that ℓ⋆,T ≤ ⋆ ′ . The last statement follows from Lemma 3.1 (a).
.e. IDP = DP , and this implies that
(5) follows from (2) and (3).
(6) It is a direct consequence of (2), (3) and Lemma 3.1 (b) . (7) is equivalent to (6), by (2) and Lemma 3.1 (a). In general, for any nontrivial semistar operation ⋆ ′′ on S, we can construct a nontrivial semistar operation ⋆ ′ on T such that S is not (⋆ ′ , ⋆ ′′ )-linked to T : Let Q be a quasi-⋆ ′′ f -prime ideal of S, and let 0 = q ∈ Q ∩ T . Let Tq be the ring of fractions of T with respect to its multiplicative set {q n | n ≥ 0} and let
In [6] , the authors showed that the equality T ℓ t D ,T = T characterizes t-linkedness of T to D. The next goal is to investigate the analogous question in semistar setting.
However, "a general converse" of the previous lemma fails to be true as the following example shows. A generalization of [6, Proposition 2.13 (a)] is given next, by showing that the converse of Lemma 3.14 holds when ⋆ ′ = tT .
Proposition 3.16 Let ⋆ be a semistar operation on the integral domain D and T an overring of D. Then T is t-linked to (D, ⋆) if and only if
Proof. Assume that T ℓ ⋆,T = T , that is ℓ⋆,T is a (semi)star operation of finite type on T (Proposition 3.12 (4)). In this situation, we have ℓ⋆,T ≤ tT and thus T is (ℓ⋆,T , tT )-linked to T . By Proposition 3.12 (3), T is (⋆, ℓ⋆,T )-linked to D. By transitivity (Lemma 3.1 (b)), we conclude that T is t-linked to (D, ⋆). 2
Semistar flatness
Let D be an integral domain and T be an overring of D and let ⋆ (respectively, ⋆ ′ ) be a semistar operation on D (respectively, on T ). We say that T is (⋆,
and, moreover, DQ∩D = TQ. We say that T is t-flat over D, if T is (tD, tT )-flat over D. Note that, from [26, Remark 2.3] , this definition of t-flatness coincides with that introduced in [26] . More generally, we say that
T is flat over D), but T is not t-flat over (D, ⋆). Indeed, we have that M := P DP is
On the other hand, we have (T D\P )N = TN∩T , and (DP )N∩D P = (DP ) (N∩D)D P = DN∩D. Hence (DP )N∩D P = (T D\P )N , as desired. 
Prüfer semistar multiplication domains
As an application of the previous sections, our goal is to give new characterizations of Prüfer semistar multiplication domains, in terms of semistar linked overrings and semistar flatness.
Let D be an integral domain and ⋆ a semistar operation on We recall some of the characterizations of P⋆MDs proved in [9] : 
